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ABSTRACT
In this research, Adomian decomposition method (ADM) is presented to find the numerical solution of the
equations arising in oscillatory motion of a simple pendulum. For comparative study Haar wavelet method
(HWM) is utilized. Numerical examples illustrate the accuracy of the Adomian decomposition method.

KEYWORDS: Simple Pendulum, Adomian Decomposition Method (ADM), Haar Wavelet Method (HWM),
Convergence.

1. INTRODUCTION
The linear and nonlinear differential equations with constant coefficients find their most important applications in
the study of electrical, mechanical and other linear or nonlinear systems and these equations play a dominant role
in unifying the theory of electrical and mechanical oscillatory systems. A heavy particle or a body attached by a
light string to a fixed point and oscillating under gravity constitutes a simple pendulum. Consider a particle of
mass m attached to the end of a light inextensible rod, with motion taking place in a vertical plane (as shown in
Figure 1).

Fig: 1

Let O be the fixed point and [ be the length of a string and A be the position of the bob initially. If P be the position
of the bob at any time t, such that arc AP = s. Let 6 be the angle between vertical and line OP, then s = [6. The
equation of motion along PTis:

d?s ]
mF = —mgsinf.
After substitution, s = [0, we obtain
d?(19) )
3z - —gsing.
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After simplification, we obtain ,
% =— (%) sing,
% = —w?sing, w= (%)

Decomposition method has developed for solving frontier problems of physics in [1]. Analytic solution of
nonlinear boundary-value problems in several dimensions with the help of decomposition method has presented
in [2]. Convergence analysis of decomposition methods has been presented in [3]. Adomian decomposition
method has presented for solving fourth order integro-differential equations in [4]. Adomian decomposition
method for solving second order ordinary differential equations has presented in [5]. Adomian decomposition
method and Haar wavelet methods have been presented for solving some oscillatory problems arising in science
and engineering in [6]. Adomian decomposition method has been presented for solving nonlinear systems in [7].
Haar wavelet methods have been developed for solving differential and integral equations in [8-12].

2. ADOMIAN DECOMPOSITION METHOD (ADM)
Consider differential equation
Ly + Ry + Ny = g(x) (1)

where N is a non-linear operator, L is the highest order derivative which is assumed to be invertible and R is a
linear differential operator of order less than L.Making Ly subject to formula, we obtain

Ly = g(x) — Ry — Ny 2

By solving (2) for Ly, since L is invertible, we can write
L 'Ly =L1g(x) —L*Ry — L"Ny 3)

For initial value problems we define L™ for L = ZX—T; as the definite integration from 0 to x.If L is second-order
operator, L™! is integral and by solving (3) for y, we obtain
y=A+Bx+L1g(x)— L 'Ry — L Ny 4)

where A and B are constants of integration and can be found from the initial or boundary conditions. The Adomian
method consists of approximating the solution of (1) as an infinite series.

y(x) = Yo Y (X) (%)

and decomposing the non-linear operator N as
N(y) = Xn=04n (6)

where A,, are Adomian polynomials [19, 20] of yo, V1, Y2, .., Y glven by
N(Z 1 iyi)l n=012,..
i=0

A=0

dn
n T A
Substituting (5) and (6) into (4) we get

Z Yo =A+Bx+L1g(x)— LR (i yn> - L‘l(i Ap)
n=0

n=0 n=0
The recursive relationship is found to be
y=90)
Yn+1 = LRy, — LA,
Using the above recursive relationship, we can make solution of y as
y = lim &, (), )

@, (y) = Xizo Vi ®)
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3. CONVERGENCE ANALYSIS OF ADM
Consider the equations y"'(t) = f(t,y) with y(0) =y,, y'(0) = y;. This equation can be written as:
y'=Ly+Ny),t>0, y(0)=fy'(0)=f

where L: T — X is a linear operator of form a Banach space T to a Banach space X(T € X),N(y):T - T is a
nonlinear function on the Banach space T and f, f ™! € T are initial data. Consider the abstract functional equation
defined by

y=Yo+tn®+f),yeT

where T is a Banach space and f(y): T — T is analytic near the initial conditions y, and y;.

n
Yo =y + ¥ () + Zyk
k=2
n
f(Yy) = Z A Dos Y1» -+ Vi
k=0

The ADM is equivalent to determining a sequence {Y, },ey from
Yo =¥ + y:(6) }

Yor1 = Yo + 31 (0) +f()pn=0

If the limits

Y=I1limY,
n—-oo

f=lim f,
n—oo

exist in Banach space T, then Y solves the fixed point equation Y = y, + y;(t) + f(y) in T .It is also assumed
that the following condition holds
lfMllr <LVvyeT
and

”fn(yn) _f(Y)”r —>0asn - oo

These two conditions are rather restrictive. The first condition implies a constraint on the nonlinear function f (y)
and the second condition implies convergence of the series of Adomian polynomial to the locally analytic function

f).

4. HAAR WAVELETS
Haar functions are an orthogonal family of switched rectangular waveforms where amplitudes can differ from one
function to another. Haar wavelet is a sequence of rescaled square shaped functions which together forms a
wavelet family or basis. The Haar wavelet function h;(x) is defined in the interval [ y] as:

1, a<x<pB
hi(x)=1-1, p<x<y
0, elsewhere ,
where a = %,B = k:)'s, y = %, m=2/and j=0,1,2,3,..,]. ] denotes the level of the resolution. The

integer k =0,1,2,...,m —1 is the translation parameter. The index i is calculated as i =m + k + 1. The
minimal values i = 2 and the maximal value of i = 2/*1. The collocation points are calculated as
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The operational matrix P, which is 2M X 2M, is calculated as below

X1

PLi(x) = f hi () dx

X

Ppi1i(x) = me- (x)dx, n=1,23,...

0

5. DAMPED AND UNDAMPED SIMPLE PENDULUM OSCILLATORY PROBLEMS

Consider the differential equation of simple pendulum is

a2 20

T sinf =0 9
where 6 is the angular displacement, ¢ is the time , w? = % is the natural frequency of the small oscillations of the

pendulum, [ is the length of the pendulum and g is the acceleration due to gravity.

The oscillations of the pendulum are subjected to the initial conditions:

0(0) =a, 6'(0)=0 (10)
where a represents the amplitude of the oscillations. For small angles, use the series expansion
3 5
sing=g-L 4+ _ (11)
6 120
From (9) and (11), we obtain
0" + w20 — 2 w?0% + — w205 — — — —=0 (12)
6 120
The simple pendulum equation with damping force is
0" +2k0' + w20 — < w?0% + ——w?0° —— ——=0 (13)

6. HAARWAVELET METHOD FOR SOLVING SIMPLE PENDULUM OSCILLATORY
PROBLEMS

Consider the approximation
2M

0"(®) = ) ahi(®)

i=1
Integrating twice w.r.t t, from O to t, we obtain

0'(t) = 0'(0) + ) aiPyy(®)
i=1 2M
0(t) = 6(0) +£.6'(0) + Z a;P, i (t) (14)
i=1

Substituting these values in (13) and discretizing using collocation points, we obtain a system of algebraic
equations. Solving the system of algebraic equations, we obtain wavelet coefficients. The numerical solution is
obtained by substituting the wavelet coefficients into (14).

7. NUMERICAL OBSERVATIONS
In this section, we present some numerical examples to illustrate the accuracy of the proposed method.
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Example 1: The equation of undamped pendulum equation (upto first approximation) is
0" +w?0 =0 (15)

The exact solution in this case is 6(t) = coswt. Letting (14) with k = 0, w = 1 and initial conditions 8(0) = 1,
6'(0) = 0. Applying Adomian decomposition method, we obtain
L71(6) = -L71(0),
tt

o6(t) = 6(0) +6'(0) — 0 dtdt,
/]

t t
o) = 1—ff0dtdt (16)
00
Letting,
0)= ) 6,
n=0
From (16), we obtain
o) t t o
Zen=1—ff29ndtdt 17)
n=0 0o o n=0
t t
90+91+92+"'zl_ff[90+91+92+"']dtdt (18)
00

From (18), we obtain

0
tt
—ffemm_——,
00

The solution is:

2 t4 t6
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Figl: Absolute errors obtained in case of HWM for Example 1

Figure 1 shows the absolute error of numerical solutions using Haar wavelet method (HWM) for J=3. Figure 2
shows the comparison of numerical results obtained with ADM (using four terms approximation) and HWM of
Example 1.
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Fig2: Comparison of numerical results of HWM and ADM of Example 1

Example 2: The equation of damped pendulum equation (upto first approximation) is
0" +2k0' + 0?0 =0 (19)

The exact solution in this case is 8(t) = (1 + t)e™t. Letting (18) with k =1, w = 1 and initial conditions
6(0) =1, 6'(0) = 0. Applying Adomian decomposition method, we obtain
L71(6) = —L71(6) — L7(8"),
t tt
o) = 1+2t—2f6’dt—ff€dtdt, (20)
0 00
Letting,

o(t) = i 0,

From (20), we obtain
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o t o t t o
Zen=1+2t—2f29ndt—ff29ndtdt, 1)
n=0 o n=0 0o 0 n=0
t tt
Op+ 6, + 0, + - =1+ 2t — zf[e0 +6,+6, +-~]dtff (60 + 61 +5222J)r"']dtdt
0 00
From (22), we obtain
0, =1+2t
t tt
5 t3
0, = -2 f B,dt — f@odtdt = -2t _Etz Y

0

0 0

t t t
) =—2f0 dt—ff@ dtdt=2t2+2t3+§t4+it5
‘ ! ! 8" Te0"
0 0

0

The solution is:
t2 3 ot > o

() =0,+6,+0,+ - = 1—74‘?—54‘%—@4‘"'

x 10*  Absolute errors using HWM for Example 2

ol
ol .
ot
ol

0

Absolute errors

0 0.2 0.4 0.6 0.8 1
Collocation points

Fig 3: Absolute errors obtained in case of HWM for Example 2

Figure 3 shows the absolute errors of numerical solutions using Haar wavelet method (HWM) for J=3. Figure 4
shows the comparison of numerical results obtained with ADM (using four terms approximation) and HWM of
Example 2.
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Fig4: Comparison of numerical results of HWM and ADM of Example 2

Example 3: The equation of undamped pendulum equation (upto second approximation) is
0”+w29—%W293 =0 (23)

Letting (13) with k = 0, w = 1 and initial conditions 8(0) = 1, 6'(0) = 0. Applying Adomian decomposition
method, we obtain

t t t t
1
o(t) = 1—ff9dtdt +gff03dtdt, (24)
00 00
Putting,
o) = Z 0,
n=0
From (24), we obtain
co t t o 1 t tr oo 3
Z@n=1—ff29ndtdt +gffl29nl dede, (25)
n=0 0o o n=0 0 0 Ln=0
From (25), we obtain
90 = 1
tt tt
1 s 5¢t2
t rt 1 pt ot 00 00
l. 92 = - fO fo Hldtdt + gfﬁ fO (613 + 39561 + 39%90) dtdt,
5 125 5
— " 4 8 _ 6
%= 288" 58(_)608t 1728"
The solution is:
0=90+91+92+93+
5t2 5 5 125
o) =1 4 6 B4

~12288° " 1728° 580608"
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2. CONCLUSION
From above numerical data, it is concluded that Adomian decomposition method (ADM) and Haar wavelet
method (HWM) are powerful mathematical technique for solving simple pendulum oscillation problems arising
in many applications of science and engineering. For more accuracy the number terms may be increased.
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