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ABSTRACT 
In this research, Adomian decomposition method (ADM) is presented to find the numerical solution of the 
equations arising in oscillatory motion of a simple pendulum. For comparative study Haar wavelet method 
(HWM) is utilized. Numerical examples illustrate the accuracy of the Adomian decomposition method. 
 
KEYWORDS: Simple Pendulum, Adomian Decomposition Method (ADM), Haar Wavelet Method (HWM), 
Convergence. 

1. INTRODUCTION 
The linear and nonlinear differential equations with constant coefficients find their most important applications in 
the study of electrical, mechanical and other linear or nonlinear systems and these equations play a dominant role 
in unifying the theory of electrical and mechanical oscillatory systems. A heavy particle or a body attached by a 
light string to a fixed point and oscillating under gravity constitutes a simple pendulum. Consider a particle of 
mass 𝑚 attached to the end of a light inextensible rod, with motion taking place in a vertical plane (as shown in 
Figure 1). 

 
Fig: 1 

 
Let 𝑂 be the fixed point and 𝑙 be the length of a string and 𝐴 be the position of the bob initially. If 𝑃 be the position 
of the bob at any time 𝑡, such that arc 𝐴𝑃 = 𝑠. Let 𝜃 be the angle between vertical and line 𝑂𝑃, then 𝑠 = 𝑙𝜃. The 
equation of motion along 𝑃𝑇is: 

𝑚
𝑑ଶ𝑠

𝑑𝑡ଶ
= −𝑚𝑔𝑠𝑖𝑛𝜃. 

After substitution, 𝑠 = 𝑙𝜃, we obtain 
𝑑ଶ(𝑙𝜃)

𝑑𝑡ଶ
= −𝑔𝑠𝑖𝑛𝜃. 
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After simplification, we obtain 

𝑑ଶ𝜃

𝑑𝑡ଶ
= − ቀ

𝑔

𝑙
ቁ 𝑠𝑖𝑛𝜃, 

𝑑ଶ𝜃

𝑑𝑡ଶ
= −𝜔ଶ𝑠𝑖𝑛𝜃,       𝜔 = ටቀ

𝑔

𝑙
ቁ 

 
Decomposition method has developed for solving frontier problems of physics in [1]. Analytic solution of 
nonlinear boundary-value problems in several dimensions with the help of  decomposition method has presented 
in [2]. Convergence analysis of decomposition methods has been presented in [3].  Adomian decomposition 
method has presented for solving fourth order integro-differential equations in [4]. Adomian decomposition 
method for solving second order ordinary differential equations has presented in [5]. Adomian decomposition 
method and Haar wavelet methods have been presented for solving some oscillatory problems arising in science 
and engineering in [6]. Adomian decomposition method has been presented for solving nonlinear systems in [7]. 
Haar wavelet methods have been developed for solving differential and integral equations in [8-12].   
 

2. ADOMIAN DECOMPOSITION METHOD (ADM) 
Consider differential equation 

 𝐿𝑦 + 𝑅𝑦 + 𝑁𝑦 = 𝑔(𝑥)                                                                (1) 
 

where 𝑁 is a non-linear operator, L is the highest order derivative which is assumed to be invertible and R is a 
linear differential operator of order less than 𝐿.Making 𝐿𝑦 subject to formula, we obtain 

                             𝐿𝑦 = 𝑔(𝑥) − 𝑅𝑦 − 𝑁𝑦                                                                (2) 
 

By solving (2) for Ly, since L is invertible, we can write 
                𝐿ିଵ𝐿𝑦 = 𝐿ିଵ𝑔(𝑥) − 𝐿ିଵ𝑅𝑦 − 𝐿ିଵ𝑁𝑦                                               (3) 

 

For initial value problems we define 𝐿ିଵ for 𝐿 =
ௗ೙

ௗ௫೙ as the definite integration from 0 to x.If 𝐿 is second-order 

operator, 𝐿ିଵ is integral and by solving (3) for y, we obtain 
             𝑦 = 𝐴 + 𝐵𝑥 + 𝐿ିଵ𝑔(𝑥) − 𝐿ିଵ𝑅𝑦 − 𝐿ିଵ𝑁𝑦                                            (4) 

 
where A and B are constants of integration and can be found from the initial or boundary conditions. The Adomian 
method consists of approximating the solution of (1) as an infinite series. 

                                         𝑦(𝑥) = ∑ 𝑦௡(ஶ
௡ୀ଴ 𝑥)                                                  (5) 

 
and decomposing the non-linear operator N as  

                                                 𝑁(𝑦) = ∑ 𝐴௡
ஶ
௡ୀ଴                                                   (6) 

 
where 𝐴௡ are Adomian polynomials [19, 20] of 𝑦଴ , 𝑦ଵ, 𝑦ଶ, … , 𝑦௡ given by  

𝐴௡ =
1

𝑛!

𝑑௡

𝑑𝜆௡
൥𝑁(෍ 𝜆 ௜𝑦௜)

ஶ

௜ୀ଴

൩

ఒୀ଴

  , 𝑛 = 0,1,2, … 

Substituting (5) and (6) into (4) we get 

෍ 𝑦௡

ஶ

௡ୀ଴

= 𝐴 + 𝐵𝑥 + 𝐿ିଵ𝑔(𝑥) − 𝐿ିଵ𝑅 ൭෍ 𝑦௡

ஶ

௡ୀ଴

൱ − 𝐿ିଵ(෍ 𝐴௡

ஶ

௡ୀ଴

) 

The recursive relationship is found to be 
𝑦 = 𝑔(𝑥) 

𝑦௡ାଵ = −𝐿ିଵ𝑅𝑦௡ − 𝐿ିଵ𝐴௡ 
Using the above recursive relationship, we can make solution of 𝑦 as 

                                                    𝑦 = lim
௡→ஶ

Φ௡ (𝑦),                                                          (7) 

 
where 

                                                 Φ௡(𝑦) = ∑ 𝑦௜
௡
௜ୀ଴                                                                (8) 
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3. CONVERGENCE ANALYSIS OF ADM 

Consider the equations 𝑦ᇱᇱ(𝑡) = 𝑓(𝑡, 𝑦)  with    𝑦(0) = 𝑦଴, 𝑦ᇱ(0) = 𝑦ଵ. This equation can be written as: 
𝑦ᇱᇱ = 𝐿𝑦 + 𝑁(𝑦), 𝑡 > 0,   𝑦(0) = 𝑓, 𝑦ᇱ(0) = 𝑓ᇱ 

 
where 𝐿: 𝑇 → 𝑋 is a linear operator of form a Banach space T to a Banach space 𝑋(𝑇 ⊆ 𝑋), 𝑁(𝑦): 𝑇 → 𝑇 is a 
nonlinear function on the Banach space 𝑇 and 𝑓, 𝑓ିଵ ∈ 𝑇 are initial data. Consider the abstract functional equation 
defined by 

𝑦 = 𝑦଴ + 𝑦ଵ(𝑡) + 𝑓(𝑦), 𝑦 ∈ 𝑇 
 
where T is a Banach space and 𝑓(𝑦): 𝑇 → 𝑇 is analytic near the initial conditions 𝑦଴ and 𝑦ଵ. 

𝑌௡ = 𝑦଴ + 𝑦ଵ(𝑡) + ෍ 𝑦௞

௡

௞ୀଶ

𝑓(𝑌௡) = ෍ 𝐴௞

௡

௞ୀ଴

(𝑦଴, 𝑦ଵ, … , 𝑦௞
⎭
⎪
⎬

⎪
⎫

 

 
The ADM is equivalent to determining a sequence {𝑌௡}௡∈ே from 

𝑌଴ = 𝑦଴ + 𝑦ଵ(𝑡)

                                    𝑌௡ାଵ = 𝑦଴ + 𝑦ଵ(𝑡) + 𝑓௡(𝑌)௡, 𝑛 ≥ 0
ቋ 

 
If the limits  

𝑌 = lim
௡→ஶ

𝑌௡

𝑓 = lim
௡→ஶ

𝑓௡

ቑ 

 
exist in Banach space 𝑇, then 𝑌 solves the fixed point equation 𝑌 = 𝑦଴ + 𝑦ଵ(𝑡) + 𝑓(𝑦) in 𝑇 .It is also assumed 
that the following condition holds 

‖𝑓(𝑦)‖் ≤ 1, ∀ 𝑦 ∈ 𝑇
𝑎𝑛𝑑

‖𝑓௡(𝑌௡) − 𝑓(𝑦)‖௥ → 0 𝑎𝑠 𝑛 → ∞
ൡ 

 
These two conditions are rather restrictive. The first condition implies a constraint on the nonlinear function 𝑓(𝑦) 
and the second condition implies convergence of the series of Adomian polynomial to the locally analytic function 
𝑓(𝑦). 
 

4. HAAR WAVELETS 
Haar functions are an orthogonal family of switched rectangular waveforms where amplitudes can differ from one 
function to another. Haar wavelet is a sequence of rescaled square shaped functions which together forms a 
wavelet family or basis. The Haar wavelet function ℎ௜(𝑥) is defined in the interval [𝛼 𝛾] as: 

ℎ௜(𝑥) =  ൝
1,            𝛼 ≤ 𝑥 < 𝛽
−1,         𝛽 ≤ 𝑥 < 𝛾
0,           𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 ,

 

 

where  𝛼 =
௞

௠
, 𝛽 =

௞ା଴.ହ

௠
, 𝛾 =

௞ାଵ

௠
, 𝑚 = 2௝ and  𝑗 = 0, 1, 2, 3, … , 𝐽. 𝐽 denotes the level of the resolution. The 

integer  𝑘 = 0,1,2, … , 𝑚 − 1 is the translation parameter. The index 𝑖 is calculated as 𝑖 = 𝑚 + 𝑘 + 1.  The 
minimal values 𝑖 = 2 and the maximal value of 𝑖 = 2௝ାଵ. The collocation points are calculated as  

                                   𝑥௟ =
(𝑙 − 0.5)

2𝑀
,   𝑙 = 1,2,3, … … ,2𝑀. 
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The operational matrix 𝑃, which is 2𝑀 × 2𝑀, is calculated as below 
 

                                    𝑃ଵ,௜(𝑥) = න ℎ௜(𝑥)𝑑𝑥

௫೗

଴

 

                                                         

                                     𝑃௡ାଵ,௜(𝑥) = න 𝑃௡,௜

௫

଴

(𝑥)𝑑𝑥,        𝑛 = 1, 2, 3, …. 

 
5. DAMPED AND UNDAMPED SIMPLE PENDULUM OSCILLATORY PROBLEMS 

 Consider the differential equation of simple pendulum is 

                                                      
ௗమఏ

ௗ௧మ + 𝜔ଶ𝑠𝑖𝑛𝜃 = 0                                                                  (9) 

 
where 𝜃 is the angular displacement, 𝑡 is the time , 𝜔ଶ =

௚

௟
 is the natural frequency of the small oscillations of the 

pendulum, 𝑙 is the length of the pendulum and 𝑔 is the acceleration due to gravity. 
 
The oscillations of the pendulum are subjected to the initial conditions: 

                                           𝜃(0) = 𝑎,   𝜃ᇱ(0) = 0                                                             (10) 
 

where 𝑎 represents the amplitude of the oscillations. For small angles, use the series expansion 

𝑠𝑖𝑛𝜃 ≅ 𝜃 −
ఏయ

଺
+

ఏఱ

ଵଶ଴
− − −                                            (11) 

 
From (9) and (11), we obtain  

                                         𝜃ᇱᇱ + 𝜔ଶ𝜃 −
ଵ

଺
𝜔ଶ𝜃ଷ +

ଵ

ଵଶ଴
𝜔ଶ𝜃ହ − − − −= 0                         (12) 

 
The simple pendulum equation with damping force is  

                                         𝜃ᇱᇱ + 2𝑘𝜃ᇱ + 𝜔ଶ𝜃 −
ଵ

଺
𝜔ଶ𝜃ଷ +

ଵ

ଵଶ଴
𝜔ଶ𝜃ହ − − − −= 0                  (13) 

 
6. HAAR WAVELET METHOD FOR SOLVING SIMPLE PENDULUM OSCILLATORY 

PROBLEMS 
Consider the approximation 

𝜃′′(𝑡) = ෍ 𝑎௜ℎ௜(𝑡)

ଶெ

௜ୀଵ

 

 
Integrating twice w.r.t  𝑡, from 0 to 𝑡, we obtain 

𝜃ᇱ(𝑡) = 𝜃ᇱ(0) + ෍ 𝑎௜𝑃ଵ,௜(𝑡)

ଶெ

௜ୀଵ

 

𝜃(𝑡) = 𝜃(0) + 𝑡. 𝜃ᇱ(0) + ෍ 𝑎௜𝑃ଶ,௜(𝑡)

ଶெ

௜ୀଵ

                                       (14) 

 
Substituting these values in (13) and discretizing using collocation points, we obtain a system of algebraic 
equations. Solving the system of algebraic equations, we obtain wavelet coefficients. The numerical solution is 
obtained by substituting the wavelet coefficients into (14).   
  

7. NUMERICAL OBSERVATIONS 
In this section, we present some numerical examples to illustrate the accuracy of the proposed method. 
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Example 1: The equation of undamped pendulum equation (upto first approximation) is 

                                    𝜃ᇱᇱ + 𝜔ଶ𝜃 = 0                                                             (15) 
 

The exact solution in this case is 𝜃(𝑡) = 𝑐𝑜𝑠𝑤𝑡. Letting (14) with 𝑘 = 0, 𝑤 = 1 and initial conditions 𝜃(0) = 1,
𝜃ᇱ(0) = 0.  Applying Adomian  decomposition method, we obtain  

𝐿ିଵ(𝜃) = −𝐿ିଵ(𝜃), 

𝜃(𝑡) =  𝜃(0) + 𝜃ᇱ(0) − න න 𝜃

௧

଴

௧

଴

𝑑𝑡𝑑𝑡, 

𝜃(𝑡) =  1 − න න 𝜃

௧

଴

௧

଴

𝑑𝑡𝑑𝑡                                                               (16) 

 
Letting, 

𝜃(𝑡) = ෍ 𝜃௡

ஶ

௡ୀ଴

 

From (16), we obtain 

෍ 𝜃௡

ஶ

௡ୀ଴

=  1 − න න ෍ 𝜃௡

ஶ

௡ୀ଴

௧

଴

௧

଴

𝑑𝑡𝑑𝑡                                                           (17) 

 

𝜃଴ + 𝜃ଵ + 𝜃ଶ + ⋯ = 1 − න න[𝜃଴ + 𝜃ଵ + 𝜃ଶ + ⋯ ]𝑑𝑡𝑑𝑡                  (18)

௧

଴

௧

଴

 

 
From (18), we obtain 

𝜃଴ = 1 

𝜃ଵ = − න න 𝜃଴𝑑𝑡𝑑𝑡 = −
𝑡ଶ

2
,

௧

଴

௧

଴

 

𝜃ଶ = − න න 𝜃ଵ𝑑𝑡𝑑𝑡 =
𝑡ସ

24
,

௧

଴

௧

଴

 

𝜃ଷ = − න න 𝜃ଶ𝑑𝑡𝑑𝑡 = −
𝑡଺

720
,

௧

଴

௧

଴

 

⋮ 
 
The solution is: 

𝜃 = 𝜃଴ + 𝜃ଵ + 𝜃ଶ + 𝜃ଷ + ⋯ 

𝜃(𝑡) = 1 −
𝑡ଶ

2
+

𝑡ସ

24
−

𝑡଺

720
+ ⋯ = 𝑐𝑜𝑠𝑡 
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Fig1: Absolute errors obtained in case of HWM for Example 1 

 
Figure 1 shows the absolute error  of numerical solutions using  Haar wavelet method (HWM) for J=3. Figure 2 
shows the comparison of numerical results obtained with ADM (using four terms approximation) and HWM of 
Example 1. 

 
Fig2: Comparison of numerical results of HWM and ADM of Example 1 

 
Example 2: The equation of damped pendulum equation (upto first approximation) is 

                                       𝜃ᇱᇱ + 2𝑘𝜃ᇱ + 𝜔ଶ𝜃 = 0                                                (19) 
 

The exact solution in this case is 𝜃(𝑡) = (1 + 𝑡)𝑒ି௧. Letting (18) with 𝑘 = 1, 𝑤 = 1 and initial conditions 
𝜃(0) = 1, 𝜃ᇱ(0) = 0.  Applying Adomian decomposition method, we obtain  

𝐿ିଵ(𝜃) = −𝐿ିଵ(𝜃) − 𝐿ିଵ(𝜃′), 

𝜃(𝑡) =  1 + 2𝑡 − 2 න 𝜃𝑑𝑡

௧

଴

− න න 𝜃

௧

଴

௧

଴

𝑑𝑡𝑑𝑡,                                              (20) 

 
Letting, 

𝜃(𝑡) = ෍ 𝜃௡

ஶ

௡ୀ଴

 

From (20), we obtain 
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෍ 𝜃௡

ஶ

௡ୀ଴

=  1 + 2𝑡 − 2 න ෍ 𝜃௡

ஶ

௡ୀ଴

𝑑𝑡

௧

଴

− න න ෍ 𝜃௡

ஶ

௡ୀ଴

௧

଴

௧

଴

𝑑𝑡𝑑𝑡,                        (21) 

 

𝜃଴ + 𝜃ଵ + 𝜃ଶ + ⋯ = 1 + 2𝑡 − 2 න[𝜃଴ + 𝜃ଵ + 𝜃ଶ + ⋯ ]𝑑𝑡

௧

଴

න න
[𝜃଴ + 𝜃ଵ + 𝜃ଶ + ⋯ ]𝑑𝑡𝑑𝑡

    (22)

௧

଴

௧

଴

 

 
From (22), we obtain 

𝜃଴ = 1 + 2𝑡 

𝜃ଵ = −2 න 𝜃଴𝑑𝑡

௧

଴

− න න 𝜃଴𝑑𝑡𝑑𝑡 = −2𝑡 −
5

2
𝑡ଶ −

𝑡ଷ

3
,

௧

଴

௧

଴

 

𝜃ଶ = −2 න 𝜃ଵ𝑑𝑡

௧

଴

− න න 𝜃ଵ𝑑𝑡𝑑𝑡 = 2𝑡ଶ + 2𝑡ଷ +
3

8
𝑡ସ +

1

60
𝑡ହ,

௧

଴

௧

଴

 

⋮ 
 
The solution is: 

𝜃(𝑡) = 𝜃଴ + 𝜃ଵ + 𝜃ଶ + ⋯  =  1 −
𝑡ଶ

2
+

𝑡ଷ

3
−

𝑡ସ

8
+

𝑡ହ

30
−

𝑡଺

144
+ ⋯ 

 

 
Fig 3: Absolute errors obtained in case of HWM for Example 2 

 
Figure 3 shows the absolute errors of numerical solutions using Haar wavelet method (HWM) for J=3. Figure 4 
shows the comparison of numerical results obtained with ADM (using four terms approximation) and HWM of 
Example 2. 
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Fig4: Comparison of numerical results of HWM and ADM of Example 2 

 
Example 3: The equation of undamped pendulum equation (upto second approximation) is 

                                         𝜃ᇱᇱ + 𝜔ଶ𝜃 −
ଵ

଺
𝑤ଶ𝜃ଷ = 0                                          (23) 

 
Letting (13) with 𝑘 = 0, 𝑤 = 1 and initial conditions 𝜃(0) = 1, 𝜃ᇱ(0) = 0.  Applying Adomian  decomposition 
method, we obtain  
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Putting, 
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From (25), we obtain 

𝜃଴ = 1 
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The solution is: 

𝜃 = 𝜃଴ + 𝜃ଵ + 𝜃ଶ + 𝜃ଷ + ⋯ 
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2. CONCLUSION 

From above numerical data, it is concluded that Adomian decomposition method (ADM) and Haar wavelet 
method (HWM)  are powerful mathematical technique for solving simple pendulum oscillation problems arising 
in many applications of science and engineering. For more accuracy the number terms may be increased. 
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